Applied Math 210 Midterm Exam: Winter 2006

Answer the questions in the spaces provided on the question sheets. If you run out of room for an answer,
continue on the back of the page. The exam has 5 questions with equal weight. Some questions have multiple
parts. Point totals are given in the margin.

Student Id: Answer Key
1. 20
2 20
3. 20
4. 20
5. 20
Total 100

No notes or books may be used on the exam. If you have any
questions, please raise your hand and | will try to answer them.
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1. A committeeisto be chosen from a set of 7 women (one of whom is Mrs. Smith) and 4 men (one of whom is Mr.

Smith). How many ways are there to form the committee under each of the following conditions?

(@) The committee has 5 people, 3 women and 2 men.

Answer:
7\ (4
(5)(2) -2

(b) The committee can be any size (except empty), but it must have equal numbers of women and men.

0O+ OO O (E-=

(c) The committee has 4 people and 1 of them must be Mr. Smith.

Answer: 10
=120
(5)

(d) The committee has 4 people, 2 of each sex, and Mr. and Mrs. Smith cannot both be on the committee.

BE-OE-OF-=
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2. Consider the following combinatorial identity (0 <i < j <n):

HE)-=0)G-)

(@) Provetheidentity algebraically using the factorial definition of acombination.

Answer: . | . '
n AN n! J! N n!
(J) <|) =Yg =D (n= (-t
n\ /n-iy n (n—i)! B n! B n!
<i> (j—i) Tiln=i (=i (n—i—(j—i)!  il(j=D(n—i—j+D!  (n=)Ij—D!
(b) Provethe identity combinatorially. Hint: From a set of n people a committee of size j is to be chosen, and

from this committee a subcommittee of sizei < j isalso to be chosen. One can choose the committee first or
the subcommittee first.

Answer: There are (T) ways to choose the committee of size j from n people and (f) ways to choose the subcommittee of size i from

the committee. By the basic principle of counting, there are (T) (f) ways to form both the committee and the subcommittee.

Alternatively, there are (") ways to form the subcommittee of size i from n people and (T :) ways to choose the remaining j —i members

of the committee of size j from the remaining n— i people. By the basic principle of counting, there are (?) (T’:) ways to form both the
committee and the subcommittee.
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3. From agroup of 3 freshmen, 4 sophomores, 4 juniors, and 3 seniors a committee of size 4 is randomly selected.
(8) What isthe probability that the committee will have 1 student from each class?

QOO - -

(b) What is the probability that the committee will have 2 sophomoresand 2 juniors?

Answer: 2 /4 14 %
B ) -

(c) What isthe probability that the committee will have only sophomores and juniors?

Answer:
8 14 70
<4>/<4> = 1001 ~ 06%°

(d) What isthe probability that the committee will have all sophomoresor al juniors?

Answer 4 4 14 2
(0O -
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4. A sports league consists of 16 teams divided into 4 divisions of 4 teams each. The team with the best record
(assume no ties occur) in each division advances to the playoffs. From the remaining teams, the 2 teams with the
next best records regardless of division (again, assume no ties occur) are called wildcard teams and al so advance.

(3) What is the probability that both wildcard teams come from the same division?

Answer: N /3 1 "
()5 o

(b) What is the probability that the wildcard teams come from different divisions?

Answer 4\ (3\ (3\ (12| 54 12
GG EE) - g
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5. (a) Supposewe play poker dice by rolling 5 fair dice one at atime. What is the probability of rolling afull house
(any three dice having one number and two remaining dice having another number) given that thefirst 2 dice
have different numbers?

Answer:

3!
B~ .0278

(b) What isthe probahility given that thefirst 2 dice have the same number?
Answer:

5+5(3) 20
2 = g~ 0926

(c) A test has been developed to detect a certain disease in individuals. It is known that 10% of al individuals
have the disease. The proposed test was given to diseased individuals and a correct result was obtained in
95% of the cases. When the test was given to individual swithout the disease, 5% were reported to mistakenly
have the disease. What is the probability that an individual has the disease given that the test indicates its
presence?
Answer: Let D be the event that an individual has the disease. Let R be the event that the result is positive. Then, P(D) = .10,
P(R|D) = .95, and P(R|D®) = .05.

P(DR) P(RD) P(RD)P(D) P(RID)P(D) .95-.10 .0950

P(DIR) = PR) PR}  P(R)  P(RD)P(D)+P(RD®P(DF)  .95-.10+.05-.90 .0950-+ .0450

~ .6786
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