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Abstract—Locality-preserving projection (LPP) is an efficient
dimensionality reduction approach that preserves local relation-
ships within data sets and uncovers essential manifold structures.
In this paper, we develop a two-stage tensor locality-preserving
projection for face recognition, in which first-stage tensor LPP is
performed in the original tensor space of face images and second-
stage tensor LPP is performed in the reduced-dimension tensor
subspace of the first-stage projection. For classification, we seek a
non-negative sparse representation in the final low-dimensional
tensor subspace and determine the class of an unknown face
image by minimum sparse representation error. Experimental
studies demonstrate that our proposed two-stage tensor LPP
scheme along with the non-negative sparse representation classi-
fier effectively exploits the locality structure of face images and
outperforms existing state-of-the-art face recognition schemes.

Index Terms—Classification, face recognition, locality-
preserving projection, non-negative sparse representation, tensor
subspace.

I. INTRODUCTION

Face recognition from captured face images under varying
conditions (expression, illuminance, and occlusions) has al-
ways been a challenging task. The challenges become accen-
tuated in the era of big data. Many face recognition procedures
were developed over the past few decades. One of the most
successful and well-studied techniques for face recognition is
arguably the appearance-based method [1], [2]. In appearance-
based methods, we usually represent an image of size 𝑚× 𝑛
pixels by a vector in a 𝐷-dimensional space, 𝐷 = 𝑚𝑛. The
resulting 𝐷-dimensional space is frequently too large to allow
fast and effective face recognition. A common way to resolve
this problem is to use dimensionality reduction techniques.
Two of the most popular techniques for this purpose are prin-
cipal component analysis (PCA) [1] and linear discriminant
analysis (LDA) [3]. PCA is an unsupervised scheme that seeks
a linear transform matrix that maximizes the data variance in
the projection subspace. LDA is a supervised scheme that aims
at minimizing the within-class variances as well as maximizing
the between-class distances in the projection subspace. While
PCA and LDA are methods that preserve the global structure
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of the underlying high dimensional face images, the locality-
preserving projection (LPP) method [4], [5] preserves also
local relationships of the data and uncovers their essential
manifold structure. LPP computes a score to measure the
similarity between each pair of face images; the higher the
score, the closer the two face images. LPP then seeks a linear
transformation that minimizes the sum of the pairwise image
Euclidean distances in the projection domain. The distances
are weighted by their corresponding similarity scores. In short,
LPP aims at pulling similar face images close together in the
projection space.

All of the face recognition theory and practice described
above considers an 𝑚 × 𝑛 image as a high dimensional
vector in ℝ

𝑚𝑛, while an image represented on the plane
is intrinsically a matrix. In this direction, 2-dimensional ex-
tensions of PCA and LPP, i.e. 2DPCA [6] and 2DLPP [7],
were developed. To better protect the geometry of the images,
tensor subspace analysis (TSA) [8] was proposed in which an
image is considered as the second-order tensor in ℝ

𝑚 ⊗ ℝ
𝑛

where ℝ
𝑚 and ℝ

𝑛 are two vector spaces. Examples of TSA
algorithms are the bilateral 2D-PCA (B2DPCA) [9], tensor
LDA [10], and tensor LPP [11] procedures, which essentially
seek two projection matrices, row-wise and column-wise,
respectively, that optimize objective functions similar to their
one-dimensional (1D) counterparts in PCA [1], LDA [3], and
LPP [4], [5].

After the projection matrix or matrices are trained with a
set of training face images, proper classifiers can work in the
projection domain for face recognition. A commonly used
classifier is the nearest-neighbor classifier (NNC) that finds
in the projection space the training sample(s) closest to the
testing sample in Euclidean distance. The tested sample is then
declared to have the same class label as the “closest” training
sample(s).

In this paper, we utilize the advantages of TSA and propose
a two-stage tensor LPP method for face image dimensionality
reduction, which can more effectively capture the local struc-
ture of face images than single-stage tensor LPP. Then, instead
of classic nearest-neighbor classification (NNC), we propose
a non-negative sparse representation classifier (NNSRC) that
performs classification in the obtained tensor subspace. The
proposed classifier is an improved version of sparse represen-



tation classification [12] in which we impose a non-negative
constraint on the sparse coefficients that avoids information
loss when negative sparse coefficients may occur.

The remainder of this paper is organized as follows. In
Section II, we briefly review the background of vector-space
and tensor-space LPP. In Section III, the proposed two-stage
tensor LPP procedure is presented together with the new non-
negative sparse representation classifier. Experimental results
and performance analysis are presented in Section IV. Finally,
a few conclusions are drawn in Section V.

II. BACKGROUND ON LOCALITY-PRESERVING

PROJECTION

In locality-preserving projection (LPP) [4], given 𝑁 training
data samples x𝑖 ∈ ℝ

𝐷 with known class labels ℓ𝑖, 𝑖 = 1, ..., 𝑁 ,
the similarity between two samples x𝑖 and x𝑗 is measured by

𝑆𝑖𝑗 = exp(−∥x𝑖 − x𝑗∥22/𝑡) (1)

with 𝑡 > 0 is a tuning parameter. The objective of LPP is
to find an optimal embedding of x𝑖 in a lower dimensional

subspace, say y𝑖 ∈ ℝ
𝑑, 𝑑 < 𝐷, that minimizes 1

2

𝑁∑
𝑖,𝑗=1

∥y𝑖 −
y𝑗∥22𝑆𝑖𝑗 , which is the sum of the pairwise sample distances
in the lower dimensional subspace weighted by the pairwise
similarity 𝑆𝑖𝑗 .

If a linear transform matrix W ∈ ℝ
𝐷×𝑑 is used to explicitly

perform the embedding by y𝑖 = WTx𝑖, then W can be
optimized by

min
W∈ℝ𝐷×𝑑

1

2

𝑁∑
𝑖,𝑗=1

∥WT(x𝑖 − x𝑗)∥22𝑆𝑖𝑗 . (2)

The solution for the columns of W in (2), w1, w2, ..., w𝑑, is
given by the 𝑑 eigenvectors corresponding to the 𝑑 minimum
eigenvalues of the following generalized eigenvalue problem,

XLXTw𝑖 = 𝜆𝑖XDXTw𝑖, 𝑖 = 1, ..., 𝑑, (3)

where X ≜ [x1, ...,x𝑁 ], D ∈ ℝ
𝑁×𝑁 is a diagonal matrix with

diagonal elements 𝐷𝑖𝑖 =
𝑁∑
𝑗=1

𝑆𝑖𝑗 , 𝑖 = 1, ..., 𝑁 , L = D− S is

the Laplacian matrix, and 𝜆𝑖 is the eigenvalue associated with
the eigenvector w𝑖.

To classify an unknown test sample x, x is first transformed
to the 𝑑-dimensional vector y = WTx. Then, if NNC is
adopted, the Euclidean distances between y and all embedded
training samples y𝑖, 𝑖 = 1, ..., 𝑁 are compared and classifica-
tion is performed by

𝑖̂ = arg min
1≤𝑖≤𝑁

∥y − y𝑖∥2, (4)

ℓ̂ = ℓ𝑖, (5)

which means that the class label ℓ̂ assigned to x is the same
as that of the training sample x𝑖 that minimizes ∥y − y𝑖∥2.

To generalize now this approach to powerful tensor ge-
ometry [11], assume X𝑖 ∈ ℝ

𝑚×𝑛 is a training face image,
𝑖 = 1, ..., 𝑁 . Tensor LPP refers to seeking two projection

matrices U ∈ ℝ
𝑚×𝑑 and V ∈ ℝ

𝑛×𝑑 that minimize the sum of
pairwise distances in the reduced-dimension tensor subspace
as follows:

min
U∈ℝ𝑚×𝑑,V∈ℝ𝑛×𝑑

1

2

𝑁∑
𝑖,𝑗=1

∥U𝑇X𝑖V −U𝑇X𝑗V∥2𝑆𝑖𝑗 . (6)

The optimal solutions for U and V in (6) cannot be obtained
simultaneously. Nevertheless, a sub-optimal solution can be
obtained by iteratively solving for one variable U (V) while
the other one V (U) is fixed. When U is fixed, (6) is reduced
to

min
V∈ℝ𝑛×𝑑

tr{V𝑇 (D𝑢 − S𝑢)V} (7)

where

D𝑢 ≜
𝑁∑
𝑖=1

𝐷𝑖𝑖X
𝑇
𝑖 UU𝑇X𝑖 (8)

and

S𝑢 ≜
𝑁∑

𝑖,𝑗=1

𝑆𝑖𝑗X
𝑇
𝑖 UU𝑇X𝑗 . (9)

When V is fixed, (6) is reduced to

min
U∈ℝ𝑚×𝑑

tr{U𝑇 (D𝑣 − S𝑣)U} (10)

where

D𝑣 ≜
𝑁∑
𝑖=1

𝐷𝑖𝑖X𝑖VV𝑇X𝑇
𝑖 (11)

and

S𝑣 ≜
𝑁∑

𝑖,𝑗=1

𝑆𝑖𝑗X𝑖VV𝑇X𝑇
𝑗 . (12)

Tensor LPP also aims at maximizing the global variance in
the tensor subspace

var(Y) =
𝑁∑
𝑖=1

∥U𝑇X𝑖V∥2𝐷𝑖𝑖 (13)

= tr{V𝑇D𝑢V}
= tr{U𝑇D𝑣U}.

Therefore, the final optimization procedure is to iteratively
solve the following two problems: (i) when V is fixed, solve

min
U∈ℝ𝑚×𝑑

tr{U𝑇 (D𝑣 − S𝑣)U}
tr{U𝑇D𝑣U} , (14)

and (ii) when U is fixed, solve

min
V∈ℝ𝑛×𝑑

tr{V𝑇 (D𝑢 − S𝑢)V}
tr{V𝑇D𝑢V} . (15)

In fact, problems (14) and (15) are equivalent to

max
U∈ℝ𝑚×𝑑

tr{U𝑇S𝑣U}
tr{U𝑇D𝑣U} , (16)

and

max
V∈ℝ𝑛×𝑑

tr{V𝑇S𝑢V}
tr{V𝑇D𝑢V} . (17)



While (16) can be computed by solving the generalized eigen-
value problem (D𝑣 − S𝑣)u = 𝜆D𝑣u, (17) can be computed
by solving the generalized eigenvalue problem (D𝑢−S𝑢)v =
𝜆D𝑢v. For classification, NNC can be applied in the tensor
subspace.

Although tensor LPP as reviewed above exploits the 2D
nature of face images, one-shot similarity values 𝑆𝑖𝑗 calculated
on poor training images may adversely affect the representa-
tion of local data relationships. In addition, simple NNC does
not effectively utilize the data representation in the tensor
subspace. In the following section, we propose a new two-
stage tensor LPP scheme followed by a new stronger classifier
based on non-negative sparse representation.

III. THE PROPOSED PROCEDURE

A. A New Two-stage Tensor LPP Scheme

We propose to train two sets of projection matrices, U1 ∈
ℝ

𝑚×𝑑1 , V1 ∈ ℝ
𝑛×𝑑1 and U2 ∈ ℝ

𝑑1×𝑑, V2 ∈ ℝ
𝑑1×𝑑 for

dimensionality reduction, 𝑑 ≤ 𝑑1 ≤ min{𝑚,𝑛}, among which
U1 and V1 are the first-stage projection matrices that reduce
the face image dimension from 𝑚 × 𝑛 to 𝑑1 × 𝑑1 and U2

and V2 are the second-stage projection matrices that further
reduce the signal dimension from 𝑑1 × 𝑑1 to 𝑑 × 𝑑. With
a set of training images X𝑖, 𝑖 = 1, ..., 𝑁 , we first obtain
the pairwise image similarity scores 𝑆𝑖𝑗 by (1) and compute
the first-stage tensor LPP projection matrices U1 and V1

by (16) and (17). The resulting first-stage tensor subspace
representation of training samples X𝑖 is then computed as
Y

(1)
𝑖 = U𝑇

1 X𝑖V1 ∈ ℝ
𝑑1×𝑑1 , 𝑖 = 1, ..., 𝑁 . We then perform a

second-stage tensor LPP in the computed ℝ
𝑑1 ⊗ ℝ

𝑑1 tensor
subspace, in which Y

(1)
𝑖 , 𝑖 = 1, ..., 𝑁 serve as the data

samples. We compute the second-stage similarity scores 𝑆
(2)
𝑖𝑗

using the pairwise distance of Y(1)
𝑖 and Y

(1)
𝑗 , i.e.

𝑆
(2)
𝑖𝑗 = exp(−∥Y(1)

𝑖 −Y
(1)
𝑗 ∥22/𝑡). (18)

Accordingly, the second-stage diagonal degree matrix D(2) is
obtained by 𝐷

(2)
𝑖𝑖 =

∑
𝑗

𝑆
(2)
𝑖𝑗 and the second-stage Laplacian

matrix is obtained by L(2) = D(2) − S(2). Afterwards, the
second-stage tensor LPP projection matrices U2 and V2 can
be computed by iteratively solving for

max
U2∈ℝ𝑑1×𝑑

tr{U𝑇
2 S

(2)
𝑣 U2}

tr{U𝑇
2 D

(2)
𝑣 U2}

(19)

when V2 is fixed, and

max
V2∈ℝ𝑑1×𝑑

tr{V𝑇
2 S

(2)
𝑢 V2}

tr{V𝑇
2 D

(2)
𝑢 V2}

(20)

when U2 is fixed where

D(2)
𝑢 ≜

𝑁∑
𝑖=1

𝐷
(2)
𝑖𝑖 Y

(1) 𝑇
𝑖 U2U

𝑇
2 Y

(1)
𝑖 , (21)

S(2)
𝑢 ≜

𝑁∑
𝑖,𝑗=1

𝑆
(2)
𝑖𝑗 Y

(1) 𝑇
𝑖 U2U

𝑇
2 Y

(1)
𝑗 , (22)

D(2)
𝑣 ≜

𝑁∑
𝑖=1

𝐷
(2)
𝑖𝑖 Y

(1)
𝑖 V2V

𝑇
2 Y

(1) 𝑇
𝑖 , (23)

and

S(2)
𝑣 ≜

𝑁∑
𝑖,𝑗=1

𝑆
(2)
𝑖𝑗 Y

(1)
𝑖 V2V

𝑇
2 Y

(1) 𝑇
𝑗 . (24)

Then, the second-stage tensor subspace representation for the
training images X𝑖 is Y

(2)
𝑖 = U𝑇

2 (U
𝑇
1 X𝑖V1)V2 ∈ ℝ

𝑑×𝑑,
𝑖 = 1, ..., 𝑁 .

B. Non-negative Sparse Representation Classifier in Tensor
Subspace

In this section, we develop a novel non-negative sparse rep-
resentation classifier (NNSRC) that operates in the computed
tensor subspace. Given a test image X, we compute its second-
stage tensor subspace representation

Y(2) = U𝑇
2 ×U𝑇

1 ×X×V1 ×V2 (25)

and vectorize Y(2) by column concatenation

y(2) = vec(Y(2)). (26)

For each training sample X𝑖 that has a known class label
ℓ𝑖, 𝑖 = 1, ..., 𝑁 , we perform the same second-stage tensor
subspace projection and obtain the resulting subspace repre-
sentation y

(2)
𝑖 = vec(Y

(2)
𝑖 ). We define the data representation

matrix A(2) ≜ [y
(2)
1 ⋅ ⋅ ⋅y(2)

𝑁 ] ∈ ℝ
𝑑2×𝑁 and calculate for the

test vector y(2)

𝛼(2) = arg min
𝛼∈ℝ𝑁

1

2
∥A(2)𝛼−y(2)∥2+𝜆∥𝛼∥1, s.t. 𝛼 ર 0.

(27)
Let 𝛼

(2)
𝑐 ∈ ℝ

𝑁 be such that 𝛼
(2)
𝑐 [𝑖] = 𝛼(2)[𝑖] if ℓ𝑖 = 𝑐 and

𝛼
(2)
𝑐 [𝑖] = 0 otherwise. Then, the proposed classification rule

is
ℓ̂ = argmin

𝑐
∥A(2)𝛼(2)

𝑐 − y(2)∥2. (28)

IV. EXPERIMENTAL RESULTS AND PERFORMANCE

ANALYSIS

In this section, we carry out experimental studies on two
face data sets to demonstrate the efficacy of our proposed al-
gorithm. We compare our algorithm with the familiar state-of-
the-art LDA, LPP, and (single-stage) tensor LPP procedures,
all with nearest-neighbor classification.

For the first experiment we utilize the Cropped Yale data
set [13], in which the face images have different illuminance
conditions and are manually aligned, cropped, and re-sized
to 168 × 192 images. We select a subset that has 8 subjects
(classes) and each subject has 64 face images. We down-
sample the images to dimension 48× 42 and randomly select
6 images per subject as the training data set. The remaining
58 images per subject are used for testing. For both the
training and testing data sets, 25% randomly selected images
per subject are corrupted by outliers. The outlier pattern is
a salt-and-pepper square noise patch with size varying from
15×15 to 30×30. Examples of the training images are shown



in Fig. 1. To examine our proposed method, we train a two-
stage tensor LPP, in which the first stage projection reduces
the image dimension to 𝑑1×𝑑1 = 30×30 and the second stage
projection further reduces the image dimension from 𝑑1 × 𝑑1
to 𝑑× 𝑑, 1 ≤ 𝑑 ≤ 15.

We compare the face recognition error rates of the fol-
lowing methods: (i) LDA; (ii) LPP; (iii) (single-stage) tensor
LPP; (iv) our proposed two-stage tensor LPP scheme with
NNSRC (schemes (i), (ii), and (iii) execute conventional
nearest-neighbor classification). It can be observed in Fig. 2
that tensor-space dimensionality reduction is more effective
than vector-space dimensionality reduction. The proposed two-
stage tensor LPP with NNSRC offers significant error rate
improvement reaching the lowest error rate of 12.7% when the
second stage tensor representation is of size 𝑑× 𝑑 = 12× 12.

Fig. 1. Cropped Yale data set sample images.
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Fig. 2. Recognition error rate of the Cropped Yale data set.

For added demonstration credibility, we experiment also on
the AR data set [14], in which the face images have varying
facial expressions, illumination conditions, and occlusions. We
select a subset that contains 30 subjects (classes). Each subject
has 26 face images. We down-sample the images to dimension

Fig. 3. AR data set sample images.
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Fig. 4. Recognition error rate of the AR data set.

55 × 40, randomly select 2 images per subject to form the
training data set, and use the remaining 24 images per subject
for testing. 25% randomly chosen images per subject in the
testing data set are corrupted by outliers. The outlier pattern is
again salt-and-pepper square noise of size varying from 15×15
to 30 × 30. Fig. 3 shows image examples. We train a two-
stage tensor LPP scheme in which the first stage projection
reduces the data dimension to 𝑑1 × 𝑑1 = 30 × 30. Then, the
second stage projection further reduces the image dimension
to 𝑑× 𝑑, 5 ≤ 𝑑 ≤ 19.

In Fig. 4, as in Fig. 2, we compare the performance of
the four face recognition methods LDA, LPP, tensor LPP, and
proposed. Similar conclusions to Fig. 2 can be drawn that
show the significant performance improvement offered by the
proposed method.

V. CONCLUSIONS

We proposed a two-stage tensor locality-preserving projec-
tion method and a subsequent tensor-subspace non-negative
sparse representation classifier for face recognition.



To effectively exploit the local structure of the face images,
the developed two-stage tensor subspace embedding algorithm
computes two sets of row-wise and column-wise projection
matrices with an updated pairwise sample similarity measure.
The overall row (column) projection matrices are then given
by the product of the row (column) projection matrices at the
first and second stages.

Then, we developed a novel classifier that seeks a non-
negative sparse representation of the unknown sample in
the reduced-dimension tensor subspace by using the tensor-
subspace training samples as the dictionary. Classification is
performed according to the minimum sparse representation
error. Experimental studies demonstrated that the proposed
two-stage tensor LPP scheme with non-negative sparse rep-
resentation classification outperforms existing state-of-the-art
face recognition methods.
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